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East coast ocean currents
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A three-dimensional barotropic model of the wind-driven ocean circulation
is examined and the flow near the east coast of the ocean is considered in detail.
The model is linear and has constant coefficients of eddy viscosity. It is shown
that a strong current may exist in the eastern boundary layer when upwelling
or downwelling is present. No net northwards transport is produced as an equal
deep counter current also occurs. A consequence of the downwelling is that the
principal interior gyre is prevented from reaching the east coast and a secondary
gyre is formed in this region.

1. Introduction

Recent work on the wind-driven ocean circulation using three-dimensional
models has shown that two-dimensional transport theories, although adequate
to describe many features of the circulation, actually mask a number of interest-
ing effects. The model considered here is a rectangular ocean with uniform depth
on a g plane with vertical lateral boundaries. The co-ordinate system used
has z increasing eastwards, y northwards and z vertically upwards, with corre-
sponding velocity components u, v, w and f is the variable Coriolis parameter.
A wind stress (7*,7Y) is applied to the surface at z = 0. In such a homogeneous
ocean, there are two mechanisms that may drive the interior flow between the
Ekman layer. If curl (v/f) is non-zero, a horizontal divergence is produced in the
surface Ekman layer causing Ekman layer suction (upwelling from the interior)
which in turn drives the interior horizontal motion. This process determines v
and w but leaves some arbitrariness in %. The second mechanism ocecurs if the
wind stress has a northward component. This induces an eastward Ekman
transport which descends in the eastern boundary layer and enters the interior
as a further contribution to the u velocity (the weak lower Ekman layer being
unable to accept this volume of fluid).

If the wind stress has the form 7% = —Tcosy, 7¢¥ = 0 there is no eastward
Ekman transport and no downwelling at the east coast. The interior flow is
determined entirely by curl (t/f). Examination of the western boundary layer
shows the usual westward intensification as in transport theories. However, when
the boundary layer is matched to the interior solution, Johnson (1968) found
that some water in the northward flowing west coast current in the sub-tropical
gyre leaves this gyre and flows north-eastwards to enter the subpolar gyre. Up-
welling occurs in the northern gyre and downwelling in the southern gyre. These
effects are masked by transport theories for which only closed gyres are found.
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162 J. A. Durance and J. A. Joknson

On the other hand if the wind stress is 7% = 0, 7¥ = 7(y) then curl (t/f) is zero
and v and w are zero in the interior. However, as shown by Pedlosky (1968),
an eastward Ekman transport is produced which descends in the eastern bound-
ary layer, enters the interior where it flows westwards, and ascends in the western
boundary layer. Transport theories merely predict no net transport.

In this paper we consider a combination of the above two effects by applying
a wind stress T = 7(x, y). In addition to transport between gyres and upwelling
(or downwelling) at the coasts, some additional effects are found that are absent
in transport theories. Associated with upwelling near the east coast of the ocean,
there may be an east coast current which, although weak compared with the
west coast current, is significant compared with the interior flow. A counter-
current is produced at lower depths. As these results depend on the magnitude of
a constant horizontal eddy viscosity, a rather controversial concept, and as no
account has been taken of density stratification, it is unrealistic to expect this
model to represent too closely the actual ocean circulation. However, it is inter-
esting to note here that a similar kind of circulation is observed off the coasts of
California, south-west Africa (the Benguela current) and Peru—~Chile when up-
welling occurs. A secondary effect due to the upwelling and independent of the
magnitude of the eddy viscosity is the production of an extra gyre near the east
coast.

A much more realistic model would include a variable density distribution.
However, the numerical work of Bryan & Cox (1967) shows that the effect of the
wind stress is confined to a thermal boundary layer just below the Ekman layer,
and moreover the distribution of upwelling and horizontal velocities have many
features in common with the circulations discussed here. More recently Pedlosky
(1969) in a linear stratified theory shows that an important contribution to the
circulation in the thermal boundary layer is induced by the surface wind stress
and that the lateral boundary layers are important in determining the interior
flow. This suggests that it is profitable to examine in detail the mathematically
much simpler homogeneous model to predict features which may then be
looked for in more complicated and more realistic models.

2. Equations of motion

The linear momentum and continuity equations for steady flow in dimension-
less variables are

—fo = — B+ Eg(uy,+uy,) + Epu, (1
Ju=—P +Eg@,,+v,,)+Eyv,, (2)
0=—F + 0B y(w,,+wy,)+ 02 Epw,, (3)
Up+Vy+w, = 0, (4)

where f = 1 + fyis the variable Coriolis parameter used in the #-plane approxima-
tion, P is the reduced pressure and u, v, w are the velocity components eastwards,
northwards and vertically upwards respectively. The small parameters are defined

e By = vylfol?, E, =v,[fyD?, &=D|L,
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where D, L are vertical and horizontal length scales, and v, vy are constant
vertical and horizontal eddy viscosities. A more detailed derivation of these equa-
tions is given in Johnson (1968). As the magnitude of the eddy viscosities, and
hence the Ekman numbers B4, K, are difficult to determine, we shall write

Ey=E,=E.
No qualitative change in the nature of the solutions occurs by keeping separate
Ekman numbers.
The boundary conditions at the surface are
u,=E-41%, v, =E %Y, w=0; z=0.
At the bottom and on the east and west coasts, the velocity is zero so that

u=v=w=0;, z=-1, xz=0,1.

The north and south boundaries remain free, but we shall confine our attention
to aregion between latitudes of zero wind stress curl.

3. The Ekman layer and interior solutions

The solution in the upper Ekman layer away from the coasts is standard and
is given by

U = @;@exp{—aa)&}{(rv—ﬂ)sin LRI+ (79 +17) cos E(BND+ O(BY),  (5)

= (o s {— LN~ ) cos LAN! = (74 77) sin CANH + OLED), - (6)
wE(x;y: w) = Eik.curl (T/f)’ (7)

where k = (0,0,1) and z = — E#{. Each solution in this paper will be valid in
only the region indicated and will be matched to solutions in neighbouring regions.
Consequently small differences may be noted compared with corresponding solu-
tions in Pedlosky (1968) where correction functions are used.

The lowest-order solution in the interior region, away from the coasts and
below the Ekman layer, is

_Et o [1f? T\ , ,
Uy = T@LE ﬁk.curl (?) de+E:U(y), (8)
_ml T
v,—Eﬂk.curl(f), (9)
wy = E¥z+1)k.curl (}) , (10)

where U (y) has to be found from matching with the eastern boundary layer.
The lower Ekman layer is weak and serves only to smooth the horizontal velo-
city components to zero.
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4. The east coast boundary layer
To obtain the structure of the east coast boundary layer, we assume that
0/ox > 0/0y, ¢/ez and simplify equations (1)~(3) to
—fo=—P,+Eqzu,,
fu=—-F+Eqyv,,
0=—F,+8E gw,,.
Elimination of the variables in favour of » leads to
8B Vasawnn + Bt Vazzves— O gy B + [P0 = 0. (11)

The solution of this equation has been considered by Pedlosky (1968) for £ > 6*.
However, the magnitude of £  is difficult to assess owing to the choice of areason-
able value for vy and it is likely that dand E%I will have similar orders of magnitude.
Consequently it is useful to examine the opposite limit £ < 62 as a number of
distinctive results are found.

In the remainder of this section and in §§ 5and 6 it will be assumed that £ ,; < 6.
Under this restriction the second term of (11) is always smaller than the other
terms. The first and third terms of (11) balance in a boundary layer of thickness

§; provided v, = 0, which requires that the solution is hydrostatic. The first
and fourth terms of (11) balance in a boundary layer of thickness (8E )% a non-
hydrostatic layer in which upwelling occurs.

The outer E% layer

In this hydrostatic layer the appropriate stretched co-ordinate is 9 = (1 —z) E-%
and the variables may be expanded as follows,

w=E¥i+..., v=EW+O0O(E?,
w=FEd+..., P=EP+. ..
Substitution into (1)—(4) gives

fo=-P, fa=-P,+%, P,=0, 4,=79, (12)
Elimination of P, # gives the equation for  as
Dy + B89 = 0, (13)

which may be compared with the first and third terms of (11). The solution of this
equation which is bounded as # - o0 is

b =1y(y)eF' (14)
and the continuity equation gives
= i(y)—pHoi(y) e ',
where the prime denotes differentiation. Matching with the interior solution (8)

gives W (y) = Edu,(1,y) = Uly). (15)
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As v is smaller than O(E?) in the inner layer, matching (14) with the inner layer
gives 9, = 0. Hence the E* layer on the east coast does not exist to the lowest
order. It is of course important on the west coast where it provides the north-
south return flow.

The inner (SE)s layer

For this layer we introduce the stretched co-ordinate £ = (1 —x) (8E)-* and the
following expansions for the other variables:

U= E%a‘o+6E%ﬁ1+...,} (16)
v = 8 E¥p,+

= (E}/8Y)yw, + 0¥ Ew, + } an
P = EiP)+ 8EP, + ...

The choice of expansion has been made to bring in the non-hydrostatic nature of
the layer and so that 4 and P can match with the outer solution. The magnitude
of w is chosen so that this layer can accept the Ekman transport from the surface
Ekman layer. The substitution of these expansions into (1)-(4) leads to

Pog =0, —on 157 (18)

Sy =— 0y+”055» (19)

Py =0, Plz=w0§§’ (20)

Tgg —Tgy = 0. (21)

We see that P, depends only on y and is the hydrostatic part of the pressure field
which matches with the outer flow, whereas P, is the non-hydrostatic contribu-
tion. The inclusion of the extra term in (20) compared with (12)shows that lateral

friction is more important in this layer than in the E% layer. Elimination among
(18)—(21) leads to a single equation for this layer,

(:&6“ + 28z2) (@: ! P, o, B ) =0, (22)

which may be compared with the first and fourth terms of (11).

The above series expansions also give the following information. As £ < 6* the
largest velocity component is w, the upwelling or downwelling. As B » §3E% > Eb
the northward velocity component v is larger than the interior flow but less
than the O(E%) northwards flow in the west coast current. Thus if ¥y <+ 0
there will be an appreciable current along the east coast. Finally, as (6E)t » Et
the boundary conditions on w are the Ekman layer compatibility conditions

wy=0 on 2=0,—-1; £+0. (23)
The boundary conditions at the east coast are
Uy =Ty=Wy=0; £=0. (24)
The matching conditions for large £ are, using (15),

Uy —> Uly), uy/oz2 >0, vy—>0, wy—>0 as £—>oc0. (25)
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Another restriction comes from the fact that the Ekman transport into the
corner region near z = 0, x = 1 must descend in this eastern boundary layer and
then enter the interior as no volume flux of this order can be accepted by the lower
Ekman layer. That is

0 0 0
[(—uspoma- [ Boerod- [ —uyi

0

or T”(}’y) B f " (., 0) dE = — U(y). (26)

The solution of (22) subject to the conditions (23)—(26) is found by separation
of variables and to simplify the presentation the details are given in an appendix.
The complete solution in the inner (8E)? layer is

o =~ [P (L If) {14 3 [413)cos (umz) exp (~ 1y, €) s (/37,6 +3m)| . (27)
To=Ly) X [41y317%cos (umz)exp (— 1, D)sindy3nE,  (29)
Wy = 7Y(1,y) 02:] [4/y/3) Y5 2sin (n7z) exp (— §y,£) sin 34/3v,.£, (29)

where y,, = (nnf)}. These series are uniformly convergent except near z = 0,
£ = 0 where the downwelling fluid leaves the Ekman layer. The same kind of
singularity occurs in Stewartson layers. To examine the singularity in detail
would require an analysis of the E% x E* corner region.

The velocity componentw is large and provides the upwelling and downwelling
near the coast. The vertical transport in this boundary layer at a given value of z
is
2E37Y(l,y) & sinnmz

f nz=:1 nm
__BTLY) G4 c1<z<0),
f
from Tolstov (1962, p. 102). This shows that the vertieal transport decreases
linearly with depth so that none enters the lower Ekman layer. Upwelling occurs
when 7%(1, y) is negative and there is a southward component of wind stress near
the east coast.

The velocity component % serves to bring the interior flow to zero at the bound-
ary and conveys the downwelling water into the interior. The boundary con-
dition %, = 0 at £ = 0 is satisfied as

f Bl df —
0

0

Zlcosmrz =—-1 (-1<2z<0),
n=

from Tolstov (1962, p. 170).

The velocity component » is large compared with the interior velocities and
from the form of the series (16) and (17) we see that this current arises as a
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secondary effect of the upwelling. The horizontal northward transport at a given
depth z in this layer is proportional to

@ _ _ 21¥(1,y) &, cosmmz

fo 0d = =

279(1, ,
=—~I-%log|25m%ﬂz| (z£0,+2,...),

from Tolstov (1962, p. 91). This profile is shown in figure 1. If there is a south-
ward component of wind stress near the coast the east coast current is southwards
near the surface and northwards at greater depth. This s associated with upwelling.

Pt

North 0 South

L1

Ficure 1. Variation with depth of northward transport in the east coast
current when there is a southward component of wind stress.

The directions are reversed when the wind stress has a northward component.
The singularity at z = 0 is not important as log|2sin izrz| is O(1) when [z] is
O(E?) for E = 0(10-%). This requires an O(1) contribution to v in the corner region
where |z| < O(E?). The total northward transport in this layer is

L 2rv(1,y) [° .
f_1J0 Tydédz = ——Tyf_llogmsm%ﬂz] dz = 0,

which shows that the flow in the east coast current near the surface is just
balanced by the counter-current at greater depth.

5. Example of an east coast current

Let the local wind stress near the east coast (x = 1) be southwards and have
the form

=0, 7¥=—cosk(x—1).
The interior flow outside the eastern boundary layer from (8)-(10) and (26) is
u; = (BY[f)cosk(x—1), v, = (EEB)ksink(z—1),
wy = (E¥f) k(z+1)sink(x—1).
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This represents a flow that is towards the coast. Further away from the coast
the flow is southwards with associated slow downwelling.

In the east coast boundary layer there is upwelling, a southwards current near
the surface and a northwards current nearer the bottom. As the southwards
component of the interior tends to zero as the coast is approached this situation
shows up the coastal current particularly clearly. Figure 2 shows these results
diagrammatically.
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Ficure 2. Diagrammatic representation of upwelling and zonal flow (shown by arrows)

near the east coast at & = 1 produced by the wind stress 72 = 0,7 = —cos k(x — 1). Thenorth-
ward and southward flow is indicated by the letters N and S respectively.

Whilst stressing that these results depend on the condition that Z, < 62
and that density variations have been omitted from this model, it is still interest-
ing to compare the currents represented in figure 2 with observations in the
ocean. The current directions derived here correspond with those found in the
California current when upwelling is present which occurs when the prevailing
winds are along the coast from the north-west. Figure 2 may also be compared
with figure 302 of Defant (1961) which shows a cross-section of the Benguela
current off south-west Africa. The direction of the currents are reversed due to
the change of hemisphere. Clearly more realistic models must take account of the
temperature changes brought about by the upwelling.

6. The west coast boundary layer

To complete the ocean circulation a boundary layer is also required along the
west coast. This boundary layer has two purposes, first, to provide a northwards
flow when there is a southward flow in the interior and secondly to provide up-
welling when there is downwelling at the east coast.

In the outer E? layer, the stretched co-ordinate is now defined as 4 = z#~3
and the equation corresponding to (13) is

By — PP = 0.
The change in sign alters the nature of the solution, which is given by Pedlosky

(1968), and is the standard westward intensification solution with an intense
northwards current of magnitude O(£#).
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In the inner (8F)} layer, the appropriate co-ordinateis £ = x(E)~}and the equa-
tion of motion is 26 f2 ity
o™ a2 \ o
unchanged from (22). Thus the nature of the solution is the same as in the eastern
boundary layer. In particular the vertical velocity is
w= ~_§§ 79(0,9) Z (4/4/3) v 2 sin (n7z) exp (— §7,8) sin §4/3 ¥,.€,

, Vgs Wy, 13) = 0,

very similar to (29). This is essentially an upwelling layer in which water from the
interior is returned to the Ekman layer. There is an associated north—south
secondary flow of magnitude O(3#£%) but this is small compared with the O(E¥%)
flow in the thicker layer.

7. An ocean circulation with zonal wind stress

In order to examine the implications of the above result to a full ocean model,
consider the application of an x independent zonal wind stress. Then the Ekman-
layer flux is independent of = and

o= {027 50)

from (8) and (26). An interesting feature arises in the interior from inclusion in
(30) of fluid that comes from downwelling at the east coast. We see from (30)
that
£ 0%
Y 8y2 = 1—2y(y). (31)
The implications of (31) may be illustrated by using a particular wind stress
distribution. Consider the application of the wind stress

u;=0 when z=1+%

7% = —cos (my/b)cos @, 1Y = —cos (my/b)sin O (32)

to the rectangular ocean described in §1. This represents a zonal wind stress that
is inclined at the angle & to the north of east and is used to represent the trade
winds and westerlies over the region 0 < y < 1. From (8) to (10) and (26) this
wind stress gives rise to the following interior flow

- Fheos ™[}
u; = Etcos A {f81n8+ﬂb2 1)0089}, (33)
- y Ll ™
= {ﬂbsmrrb-{-fcosb}cosﬁ
B

wy = (2 + 1)] Uy
We have from (33) that
uy =0 when x=1-—(b%8/n?*f)tand,

and x,(y) is small if tan @ is less than 72f/b%8. Now for a typical ocean gyre the
north—south length scale is not larger than the east—west length scale and so
b < 1. Hence if f/b%8 ~ O(1) then =, is small if 6 is less than 84°.
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In the principal gyre to the north of y = 0, v; is southwards. Hence on the curve
x = 1—x,where u; = 0the flow is southwards into a secondary gyre near the east
coast, as shown in figure 3 for @ = 17, b = 1. Thus for this wind stress distribution
waler that downwells at the east coast penetrates only a short way into the interior.
The oceanic circulation between two latitudes of zero wind stress curl splits into two
gyres, a secondary narrow gyre being formed near the east coast. Also if tan 6 is less
than 7%f/b24, (33) shows that the cosine term will dominate the sine term atz = 0
and then water that downwells at the west coast can never enter the interior but
merely reinforces the north-south transport in the E% layer. These results for the
interior flow hold for all values of the ratio ¥ /2.

y=1 v i

-
Down

P
L _I‘J;ﬁ _.1._

]

/
®
il

Fieure 3. Diagrammatic representation of the horizontal flow below the Ekman layer.
There is downflow from the Ekman layer into the interior region. The open arrows indicate
the dlrectlon of the surface east coast current. Upwelling and downwelling are indicated in
the (0F )5 layer. The wind stress distribution is shown as the right. The curve = 1 —z,(y) is
shown by ———.

In §4 we show that the east coast current is northwards near the surface when
7%(1, y) is positive. Thus for this wind stress the current near the surface is south-
wards for 0 < y < § and northwards for 1 < y < 1. The direction is reversed at
lower depths.

This work was partially supported by a research grant from the Natural
Environment Research Council.



East coast ocean currents 171

Appendix. Derivation of the solution for the eastern boundary layer
To find the solution of (22), let &, = ¢(z) h(y,£), and then (22) gives
g(°h[0E®) + f*g"h = 0,
which separates into
g+ A8g =0, 0O%h/oEe— A%f2h = 0,
where 4 is a constant. The bounded solution of these equations which satisfies
(25) as£ — oo is

Wy = AEO(EOI c0s A3z + W,y sin A%) exp (— 3 AfIE)

X {Woz €Xp (— LAFIE) + 7wy, cos 33 A +Wy5sin LJBAfiE). (A1)

The sum is taken over all permissible values of 4, the zero value being excluded
by (25). The conditions (23) require that

Wy =0 and A3=nm (n=12,..)

as the terms in £ are linearly independent for the different values of 4, and (24)

requires that Wog + Wog = O.

Hence, choosing wy, = 1, the solution for w, reduces to

Wy = 21 sin nmz e ¥Ynb{wy, e~ 7nE — Wy, cos §4/3Y, & + Wy sin §4/3y,8),  (A2)
—

where vy, = (naf)}.

The solutions of (22) for du,/dz and ¥, may be found in the same form as (A1)
and as they must satisfy (18), (20), (21) involving w,, we see that 43 = nr again.
The solution for ¥, satisfying (24) and (25) is

Ty = 21 (Vgg COS N2 + Ty SIn R7TZ) €708
e

X {Tog e~ — gy €08 §4/3y,E — Tos sin 34/3y, &}
The relationship between 9, and w, is given from (18) and (20) as
—f Uy, = woggg (A 3)
As these series may not be uniformly convergent near z = 0, £ = 0 where the
Ekman-layer transport enters this boundary layer we may not differentiate these
series but it is permissible to integrate them.
Therefore multiplication of (A 3) by sinmzz and integration by parts leads to

0 8 [0

—[fTosinmmz]® +j_1 mafv,cos mmzdz = 3—§3f_ . wWosinmmz dz.
Substituting for ¥, and w,, using the orthogonality relations, and equating co-
efficients, we have

Vg = 0, E011703 = —Wyg3, Vgr¥o3 = Woz, Vp1Vps = Wos-
oo
Hence Tp= X W;Cosnmzetrbsind /3y, &, (A4)
n=1
oo
and Wy = Y, Wossinnmze3rtsin /3y L. (A5)

n=1



172 J. A. Durance and J. A. Johnson
Equation (21) gives the relationship
?7052 = wOZZ’

which may be integrated as before to give

Wos Sin nrze~ 4 sin (34/3y,.£ + 3m).

The integral of this is
_ o (nm)_ o
U=Uly)— X 3 Yos COS Nz Sref sin (34/3 7,6 + 1), (A6)

n=1

where use has been made of the matching condition (25).
To find wy; we use the condition on the volume flux through the corner region
given by (26). Now (21) may be integrated to

£
uﬂ = J.O szdg’)

which if multiplied by cos mzz and integrated with respect to z, gives

0 0
f Uy cosmmazdz = f j W, dE’ cosmmzdz
1 -1Jo
£ 0 ¢
= fo [wol&', y, 0)— (= 1)™wy(&',y, — 1)]d§+f f WodE' mm sin mmzdz.
-1J90
Therefore, using (A 5) and (A 6),

%
oA e b3y, + )

¢ :
= f @o(gn ¥, 0)dE’ +f Immi,, e~trmé gin %«/3 V' dE
0 0

5— ' ’ 1 wOS 1 ] £
= @y, 0)dE — | gm 288 obom sin 33 y,£+ )|
0 Ym 0

where y,, = (mnf)}. Now let £ - co and use (26), giving in the limit

= . (A7)

Substitution of (A7) into (A 6), (A4) and (A 5) leads to (27), (28), and (29) respec-
tively.
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